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Dielectric spectroscopy measurements were performed for aqueous solutions of short single-stranded DNA
with 30 to 120 bases of thymine over a frequency range of 105 to 108 Hz. Dielectric dispersion was found to
include two relaxation processes in the ranges from 105 to 106 and from 106 to 108 Hz, respectively, with the
latter mainly discussed in this study. The dielectric increment and the relaxation time of the high-frequency
relaxation of DNA in solutions without added salt exhibited concentration and polymer-length dependences
eventually identical to those for dilute polyion solutions described in previous studies. For solutions with added
salt, on the other hand, those dielectric parameters were independent of salt concentration up to a certain
critical value and started to decrease with further increasing salt concentration. This critical behavior is well
explained by our newly extended cell model that takes into account the spatial distribution of loosely bound
counterions around DNA molecules as a function of salt concentration.
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I. INTRODUCTION

Experimental proof by way of dielectric spectroscopy �1�
and electric birefringence spectroscopy �2� is reliable for
counterion polarization theories of polyelectrolytes �3,4� be-
cause of their straightforward principles and established
methodologies. Here, it is quite important to characterize the
ion atmosphere around polyelectrolytes without ambiguity of
their molecular structure because the dielectric dispersion is
affected by the dynamics of both the molecules and their ion
atmospheres. Hence, the authors �5� conducted careful ex-
periments for well-defined short double-stranded DNA �ds-
DNA� which can be undoubtedly treated as straight polyions
under experimental conditions commonly used and found
that the scaling rules of the dielectric increment and the re-
laxation time as a function of polymer length cannot be ac-
counted for by any theory so far proposed that gives analyti-
cal expressions for them. Since the previous study was
performed only at a high salt concentration, we intend in this
study to derive a broader physical picture about the dynamics
of counterions around short DNA molecules over a wider
range of salt concentration on the basis of more abundant
experimental data.

A lot of past studies �1� show that the ion atmosphere
around polyions �specifically DNA here� in aqueous solution
consists of two portions, namely the condensed and diffused
phases as briefly described below. Counterions diffuse and
bind to the polyions from the surrounding electrolyte solu-
tion to reduce the strong Coulomb repulsion between the
negatively charged phosphate groups, resulting in the forma-
tion of the condensed phase. Manning �6� showed that a

large fraction of counterions condense onto the polyions to
reduce the charge density if it exceeds a certain critical
value, and the fraction is approximately 0.76 for ds-DNA in
a monovalent-salt solution and is independent of salt concen-
tration. Though these results are theoretically obtainable un-
der very restricted conditions in which the polymer length
diverges infinitely and the average spacing of the phosphate
groups divided by the Debye screening length approaches
zero in this order, they are experimentally verified under
much more relaxed conditions �7�. In addition, the diffused
phase of loosely bound counterions is formed surrounding
the condensed phase in order to shield the charges of the
residual phosphate groups.

The dielectric dispersion of a polyelectrolyte solution
originates from the relaxation of the polarized ion atmo-
sphere. There are two approaches to calculate important di-
electric parameters such as dielectric increment and relax-
ation time. One is the analytical method to derive explicit
expressions for those parameters, and the other is the numeri-
cal simulation. In one of the first approaches, the electrical
polarizability is related to the time-correlation function of the
dipole moment in the absence of the external electric field
through the fluctuation-dissipation theorem �8�, and the di-
electric increment is calculated from the average of the
square of the dipole moment resulting from thermal fluctua-
tion of only the condensed counterions �9–11�. Another the-
oretical approach was discussed from the viewpoint of
electro-optical techniques �12�.

Fixman �13,14� employed a more direct but elaborate ap-
proach to solve the mutually coupled equations of motion for
polyions, couterions and coions under the external electric
field. Even though the theories take into account not only the
condensed phase but also the diffused one, it still relies upon
the “thin double-layer” approximation where the thickness of*Electronic address: youichi.katsumoto@jp.sony.com
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the ion atmosphere is small compared to the radius of curva-
ture of the polyion. Rau and Charney �15� calculated the
polarization of the diffused phase in the Debye-Hückel form
without explicit use of the approximation about its thickness.
These analytical approaches contain complicated mathemati-
cal techniques for solving nonlinear equations coupled with
each other so that it is difficult to derive analytical solutions
without rather extreme approximations not fully compatible
with experimental conditions commonly used, though such
solutions are valuable to understand the physical basis of the
relaxation mechanism.

On the other hand, Washizu and Kikuchi �16,17� per-
formed rigorous Metropolis Monte Carlo Brownian dynam-
ics simulations for a 64 base-pair fragment of ds-DNA with
salt concentrations from zero to 4.8 mM. Thus, their works
are more compatible with our experiments and will be re-
ferred to in the following discussion. An obvious advantage
of this approach at the expense of computational resource is
its isolation from potential bias towards specific relaxation
mechanisms or various ad hoc approximations. First, they
confirmed that the ion atmosphere in an aqueous solution
with added salt can be classified into two types of counteri-
ons in the condensed and diffused phases, just as qualita-
tively described so far. Secondly, they evaluated the relative
importance of the two phases for the overall dipole moment
by calculating the partial polarizability due to the first n inner
counterions, where n is varied from unity to the total number
of counterions, and pointed out that the loosely bound coun-
terions in the diffused phase are dominant for the counterion
polarization. This implies that the previous analytical theo-
ries, based on the consideration of only the condensed phase
or on the thin double-layer approximation, would not be ap-
plicable to short polyelectrolytes as discussed in this article.

Turning to the experimental aspect, a difficulty in testing
counterion theories of polyelectrolytes by means of dielectric
spectroscopy is ascribable to the lack of sensitivity to detect
the small dielectric increment for an extremely dilute solu-
tion in which the interaction among the polyions are negli-
gibly small. Consequently, the intermolecular interactions are
not avoidable and manifests as the solute concentration de-
pendence of the dielectric dispersion. Ito et al. �18� per-
formed dielectric spectroscopy measurements for sodium
�polystyrene sulfonate� �NaPSS� solutions without added
salt, which have different degrees of polymerization from 87
to 3800 with various solute concentrations. They concluded
that the high-frequency relaxation is due to the polarization
of loosely bound counterions in the diffused phase on the
basis of the cell models �19� for both dilute and semidilute
regions, where the characteristic length for the fluctuation of
counterions � is determined simply by the geometric consid-
eration of the average distance between the neighboring
polyions in water, which is equal to the correlation length
�20� and is much smaller than the diameter of the diffused
phase �note that the symbol � is used for the characteristic
length for counterions throughout this article, though it is
used to present the correlation length in the referred litera-
ture�. In a solution with added salt, however, since the thick-
ness of the diffused phase changes as a function of salt con-
centration, the relative magnitude of the correlation length
and the Debye screening length should be taken into account
to determine �.

In summary of the previous studies, though it is quite
clear from the results of the Monte Carlo simulation �16,17�
that the diffused phase spatially extended outward plays a
dominant role for the relaxation of short DNA solutions, the
past theories only deal with the polarization of condensed
counterions �9–11� or the polarization of loosely bound
counterions with the thin double-layer approximation
�13,14�, and no systematic verification has been experimen-
tally made for the effects of the spatial extent of the diffused
phase.

Therefore, in this study we examine the influence of the
spatial distribution of counterions on the dielectric properties
of polyions, controlling the thickness of the ion atmosphere
by systematically changing the solute and salt concentra-
tions. Synthetic single-stranded DNA �ss-DNA� was used for
this purpose because its degree of polymerization can be
controlled precisely by solid-phase synthesis. If ds-DNA
were selected as in our previous work �5� for such experi-
ments, uncertainties would be higher because the chemical
equilibrium of the hybridization reaction should be taken
into account for each salt concentration, especially for a low
salt concentration where ds-DNA can be partially denatured
into its complementary strands. It might be seen at first sight
that structural uncertainty is enhanced when less rigid ss-
DNA is used, but this is not the case because use of oligode-
oxythymidylates as mentioned in the next section allows
simple wormlike chain modeling �21�.

II. EXPERIMENT

To exclude uncertainties associated with the polymer-
length distribution inherent to specimens with biological ori-
gin used for the past studies, synthetic DNA with lengths of
30, 59, 90, and 120 bases �Operon Biotechnologies, Inc.�
was used. The specimens are composed of only thymine
among the four possible bases to avoid the formation of in-
tramolecular structure that can be confusing for the interpre-
tation of the experimental data. The high-performance liquid
chromatography �Waters 600, Waters� or the time-of-flight
mass spectrometer �Axima-LNR, Shimadzu� was used to
confirm that each specimen virtually has a unique molecular
weight. First, freeze-dried specimens as received were dis-
solved in doubly deionized water. Secondly, the initial con-
centrations were determined from the absorbance of ultravio-
let light at a wavelength of 260 nm, and then the solutions
were diluted with water to the final weight concentrations Cw
of 0.25, 0.50, 1.0, and 2.0 g/ l.

In order to reduce experimental errors due to the variation
of Cw among the specimens with different NaCl concentra-
tions Cs from 0.0 to 30 mM at a constant nominal Cw, the
same specimen was used throughout a series of measure-
ments for a constant nominal Cw by adding a small amount
of concentrated NaCl solution to increase Cs in a stepwise
way. The estimated error in Cw induced by such stepwise
dilution is approximately 0.5% for a single step and less than
3% between the initial and final solutions, which does not
affect the discussion about the Cw dependence of the dielec-
tric parameters in Sec. III.

An impedance analyzer �4294A, Agilent Technologies�
was used for dielectric measurement. A capacitor-type cell
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made of acrylic resin has two parallel platinum electrodes
with the spacing of 3.5 mm and the diameter of 8 mm, which
were carefully plated with platinum black to reduce
electrode-polarization effects. The temperature of the sample
solution was maintained at 298±0.1 K by circulating water
around the cell. Measurements were performed over the fre-
quency range from 40 to 1.1�108 Hz with the applied peak-
to-peak voltage of 0.30 V.

The evaluation of the cell constant and the calibration of
the residual inductance and the parasitic capacitance over the
whole circuitry were performed according to the method de-
scribed elsewhere �22�. The complex dielectric constants and
dc conductivities were measured for solvents with Cs
=0.10–50 mM, and the complex dielectric constant for a
hypothetical solvent that has the same dc conductivity as the
sample DNA solution was derived by interpolation and sub-
tracted from that of the sample solution to yield the complex
dielectric increment ��* with the correction of electrode-
polarization effects automatically implemented.

III. RESULTS AND DISCUSSION

A. Quantitative analysis of dielectric dispersion

The dielectric dispersions for ss-DNA with 30 and 120
bases at Cw=1.0 g/ l in water are shown in Fig. 1. Low- and

high-frequency dielectric loss peaks around 5�105 and 2
�107 Hz, respectively, can be clearly seen for 120-base ss-
DNA in Fig. 1�b�, while only a single peak can be seen for
30-base ss-DNA probably because the other is vanishingly
small. Thus, fitting was performed with the assumption that
��* is represented as the superposition of two Cole-Cole
functions as follows, though one of them was neglected for
the cases where the separation of the two dielectric loss
peaks is small or one of them is relatively small compared to
the other:

��*��� =
��L

1 + �i��L��L
+

��

1 + �i���� + ���, �1�

where i=�−1, �=2	f , f is the frequency, ��� is the differ-
ence of the dielectric constants between the tested sample
and the referred hypothetical solvent in the high frequency
limit of f →�, and the sets of parameters ���L ,�L ,�L� and
��� ,� ,�� are the dielectric increments, relaxation times and
Cole-Cole parameters for the low- and high-frequency relax-
ations, respectively.

Two relaxations were clearly observed for 59-, 90-, and
120-base ss-DNA in water, though only the data for 120-base
ss-DNA are presented in Fig. 1. The dielectric increments
and relaxation times of these two relaxations, together with
those of one relaxation for 30-base ss-DNA, as obtained by
using Eq. �1� are plotted against the degree of polymerization
N at Cw=1.0 g/ l in Fig. 2. It is seen that both ��L and �L are
approximately proportional to N2, while both �� and � are
approximately proportional to N2/3. The N2 dependences of
��L and �L were also observed by Takashima �23� for much
longer DNA and are fairly consistent with the prediction of
the counterion condensation theories �9–11,24,25�, so that
the low-frequency dispersion is due to the relaxation of the
condensed phase. On the other hand, the N2/3 dependences of
�� and � were also observed by Ito et al. �18� for NaPSS in
the dilute region and are discussed in more detail in Sec.
III B. Since �� and � are expected to be independent of N in
the semidilute region, all the specimens used in this study
can be treated as dilute solutions.

The N2 dependence of �L makes the numerical deconvo-
lution of the two relaxations more difficult as N decreases
because the difference between �L and � decreases as shown
in Fig. 2�b�. Fortunately, since the ratio ��L /�� also de-
creases down to 0.03 at N=30 as expected from Fig. 2�a�, the
low-frequency relaxation is negligible for 30-base ss-DNA,
even though the numerical deconvolution cannot be per-
formed. Therefore, we employ the data for the solutions of
ss-DNA with all the polymer lengths of N=30, 59, 90, and
120 when discussing the Cw dependence of the high-
frequency relaxations in aqueous solutions without salt in
Sec. III B.

On the other hand, as Cs increases, the low-frequency
dispersion is gradually affected by the electrode-polarization
effects. This can be seen in the dielectric dispersions for
ss-DNA with 30 bases at Cw=1.0 g/ l with variable Cs shown
in Fig. 3. In addition, since � increases with increasing Cs as
can be qualitatively seen for 30-base ss-DNA in Fig. 3, the
separation of the two relaxations becomes difficult for higher

FIG. 1. The real �a� and imaginary �b� parts of the complex
dielectric constants for salt-free ss-DNA solutions with the length of
30 ��� and 120 ��� bases at the weight concentration of 1.0 g/ l.
The solid and dotted curves for the real and imaginary parts are
theoretical curves calculated from one or two Cole-Cole functions
with the fitted parameters for 30 and 120 bases, respectively. The
loss spectrum for 120 bases in �b� can be decomposed into dash-
dotted and dashed curves corresponding to low- and high-frequency
relaxations, respectively.
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Cs. Thus, we focus only on 30- and 59-base ss-DNA for
which the high-frequency relaxation is obviously dominant
as shown in Fig. 2�a� and the low-frequency relaxation can
be safely neglected even if the numerical deconvolution can-
not be performed, when discussing the Cs dependence of the
high-frequency relaxations in aqueous solutions with salt in
Sec. III C. On the other hand, we do not discuss 90- and
120-base ss-DNA because the low-frequency relaxation in-
separable from the higher one at high Cs cannot be ignored
in contrast to 30- and 59-base ss-DNA.

B. Aqueous solution without salt

As mentioned in the previous section, the dependences of
�� and � on N implies that all the ss-DNA solutions in water
used for this study are dilute. Therefore, the correlation
length �the average distance between the neighboring poly-
ions� is larger than the polymer length L. Ito et al. �18�
estimated � in the dilute region as follows. The electrostatic
potential exerted on counterions around a polyion has the
spatial periodicity of the correlation length, which is equal to
the characteristic length for the fluctuation of counterions �
and depends on Cw through the number concentration np in
Eq. �2�,

� � np
−1/3, �2�

where np
Cw /N. It should be noted that � is not character-
ized by the Debye screening length �−1. The ion atmosphere

around the central polyion is eventually isotropic unless �
�L. Since loosely bound counterions in the diffused phase
fluctuate in the potential well defined by �, the relaxation
time is given by

� �
�2

2D

 �2 
 Cw

−2/3N2/3, �3�

where D is the diffusion constant of counterions. In Fig. 4, �

FIG. 2. The dielectric increments �a� and the relaxation times �b�
of low- and high-frequency relaxations �� and �, respectively� as a
function of base number at the weight concentration of 1.0 g/ l in
double logarithmic plots. The solid lines are the least-square fits to
the experimental data with the fixed gradients of 2 and 2/3 for the
low- and high-frequency relaxations, respectively, and the correla-
tion coefficients are 0.940 and 0.943 for ��L and ��, and 0.888 and
0.839 for �L and �, respectively �see the text for the symbol
definition�.

FIG. 3. The real �a� and imaginary �b� parts of the complex
dielectric constants for 30-base ss-DNA solutions with the salt con-
centrations of 0.0 ���, 0.30 ���, 3.0 ���, and 30 ��� mM at the
weight concentration of 1.0 g/ l.

FIG. 4. The relaxation time � for ss-DNA with N=30 ���, 59
���, 90 ���, and 120 ��� bases in solution without salt as a func-
tion of Cw

−2/3N2/3 for all the weight concentrations Cw employed in
the experiments in a double logarithmic plot. The solid line is the
least-square fit to the experimental data with the gradient of unity,
and the correlation coefficient is 0.988.
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for ss-DNA solutions without salt is plotted as a function of
Cw

−2/3N2/3. It is seen that Eq. �3� fits the experimental data
quite well with the correlation coefficient of 0.988.

The same model also gives �� as

�� �
nce

2�2

�0kBT

 nc�

2, �4�

where nc is the number of counterions in the diffused phase
associated with a single polyion, and e, kB, T, and �0 are the
elementary charge, the Boltzmann constant, the temperature,
and the dielectric constant, respectively. From Eqs. �3� and
�4�, nc is related to � and �� as

nc 

��

�
. �5�

Theoretical calculations �26,27� showed that nc is propor-
tional to Cw in the semidilute region, and Ito et al. �18�
revealed experimentally for NaPSS solutions without salt
that this proportionality is also valid in the dilute region. In
Fig. 5, �0�� /� for ss-DNA solutions without salt is plotted
against Cw and is linearly fitted with the correlation coeffi-
cient of 0.996, which indicates that the relation

nc 
 Cw �6�

is well satisfied for short ss-DNA solutions, just as for
NaPSS solutions.

Therefore, from Eqs. �3�, �5�, and �6�, the following rela-
tion of �� to Cw and N has been established for short ss-
DNA solutions

�� 
 Cw
1/3N2/3. �7�

In summary of this section, the polarization of loosely
bound counterions, which are distributed in the periodic elec-
trostatic potential defined by � related to Cw, is dominant for

the high-frequency relaxation of a short ss-DNA solution
without salt. Since all the experimental data were well de-
scribed by the model for the dilute region, the model is ex-
tended only for the dilute region in the next section.

C. Aqueous solution with salt

Use of the cell model developed in Sec. III B is limited to
the salt-free or low-salt condition where the diameter of the
diffused phase proportional to �−1 given below is much
larger than the correlation length given by Eq.�2�:

�−1 = � � kBT

2NAe2I
�1/2

, �8�

where � is the permittivity of water, NA is the Avogadro’s
number, and I is the ionic strength of the solution �I=Cs for
monovalent salt�. However, as shown below, the model can
be further extended for solutions with added salt if the dis-
tribution of counterions is appropriately considered. Since, as
demonstrated so far, the relevant relaxation here is mainly
due to the fluctuation of loosely bound counterions, the di-
ameter of the diffused phase as a function of Cs is critical.

In an aqueous solution without salt, as discussed in Sec.
III B, � is of the same order of magnitude as the size of the
cell which a polyion occupies exclusively in the dilute region
�see Eq. �2��. On the other hand, the diameter of the diffused
phase is of the same order of magnitude as �−1 multiplied by
a constant explained just below and is much larger than np

−1/3

in water or in a solution at very low Cs. As Cs increases, the
diameter decreases while np

−1/3 remains constant, and they
equate at a certain critical concentration Cs

*. With further
increasing Cs, the diameter of the diffused phase is deter-
mined by the spatial extent of the Debye-Hückel potential
instead of np

−1/3. The idea is depicted in Fig. 6.
It is well known for a small ion that the Debye screening

length �−1 is the radius with respect to the central ion, at
which the existing probability of a counterion to shield the
central charge has its maximum. For a polyion, on the other
hand, counterions in the diffused phase should feel a weaker
potential of the central polyion than the one calculated from
the simple Debye-Hückel approximation because of the
counterion condensation as mentioned in the Introduction.
Thus, it is obvious that some scale factor must be used to
define the boundary of the ion atmosphere, though it might
not be given in a simple form.

For the high-salt condition, therefore, we adopt 2c�−1 in-
stead of np

−1/3 for � where c is the proportional constant.
According to the Monte Carlo simulation study for a 64
base-pair fragment of ds-DNA �28�, the nth net charge in the
distribution of counterions and coions has the maximum
probability density at the radial distance of approximately
4�−1 from the polyion regardless of Cs, where n is the num-
ber of the phosphate groups �128 for the example here�. We
use this definition for the boundary of the ion atmosphere
and set c=4 accordingly throughout the following discus-
sion, because there were no other sources available for ex-
perimental conditions close if not identical to ours.

Prior to further formulation, it should be noted that the
persistence length lp of the polyion is another important pa-

FIG. 5. The quantity �0�� /� proportional to the number of
counterions associated with a single polyion �see the text� for ss-
DNA with 30 ���, 59 ���, 90 ���, and 120 ��� bases in solution
without salt as a function of weight concentration Cw in a double
logarithmic plot. The solid line is the least-square fit to the experi-
mental data with the gradient of unity, and the correlation coeffi-
cient is 0.996.
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rameter which is related to the stiffness of the polyion for the
model depicted in Fig. 6. If �=2c�−1 is smaller than the
polymer length L �the end-to-end distance of the polyion�,
the ion atmosphere around the polyion is highly anisotropic,
and so is its polarization. Therefore, two relaxations in the
longitudinal and transversal directions with respect to the
polyion must be taken into account separately. In fact, such
consideration may be required for longer ss-DNA with, say,
90 and 120 bases not discussed in this section for the reason
addressed in the end of Sec. III A. On the other hand, as
shown just below, the anisotropy of the ion atmosphere is not
critical in analyzing the data for 30- and 59-base ss-DNA.

Since �−1 is inversely proportional to Cs
1/2 �see Eq. �8��

and the minimum value in this study is 1.8 nm at Cs
=30 mM, 2c�−1 is 14.4 nm at Cs=30 mM with c=4 and
increases as Cs decreases. On the other hand, a fluorescence
resonance energy transfer study �21� indicates that lp is ap-
proximately 3 nm for ss-DNA of 10 to 70 thymines at Cs
=25 mM, and the polymer length L, estimated as lp�Nb / lp�1/2

on the basis of the simplest wormlike chain model, are 7.5
and 10.6 nm for ss-DNA with 30 and 59 bases, respectively,
where b is the average spacing of the phosphate groups and
set to be 0.63 nm �21�. Thus, the ion atmosphere can be
treated as rather isotropic even at 30 mM.

Among theories about the persistence length of polyelec-
trolytes �21,29,30�, the early theories of Odijk �31� and
Skolnick and Fixman �32� predict that lp is given as the sum
of the constant part and the variable part proportional to the
inverse of ionic strength. Therefore, as Cs decreases, lp in-
creases and levels off at a certain point where lp reaches the

size of the electrostatic blobs, approximately 3 nm for ss-
DNA in water �see Eq. �43� of Ref. �1��. On the other hand,
2c�−1 continues to increases as Cs decreases. Thus, it is con-
firmed that the diameter of the ion atmosphere is greater than
the polymer length over all the salt concentration range in
this study.

In summary, � is expressed as

� � np
−1/3 �dilute region, low salt concentration, 2c�−1

 np
−1/3  L� , �9�

� � 2c�−1 �dilute region, high salt concentration np
−1/3

 2c�−1  L� . �10�

Thus, by referring to Eqs. �3�, �4�, and �6� �� and � follow
the scaling rules below:

�� 
 nc�np
−1/3�2 
 Cw

1/3N2/3I0

�dilute region, low salt concentration� , �11�

�� 
 nc�2c�−1�2 
 I−1

�dilute region, high salt concentration� , �12�

� 
 �np
−1/3�2/2D 
 Cw

−2/3N2/3I0

�dilute region, low salt concentration� , �13�

� 
 �2c�−1�2/2D 
 I−1

�dilute region, high salt concentration� . �14�

At the crossover point of low and high salt concentrations,
the following equation should hold:

2c�−1 = np
−1/3. �15�

Then, the critical ionic strength I* �equals to Cs
* for monova-

lent salt� is given by

I* = 2c2 �kBTCw
2/3

NA
1/3e2Mw

2/3 , �16�

where Mw is the molecular weight of the polyion. Finally,
from the continuity of �� and � across I*, we obtain

�� = ACw
1/3N2/3I0 �17�

and

� = BCw
−2/3N2/3I0 �18�

for I� I*, and

�� = ACw
1/3N2/3 I*

I
= 2Ac2 �kBT

NA
1/3e2Cw� N

Mw
�2/3

I−1

= 2A
c2

m2/3

�kBT

NA
1/3e2Cw

1 N0I−1 �19�

and

FIG. 6. Schematic of the proposed cell model. The extent of the
diffused phase around a single polyion in the center, where loosely
bound counterions are distributed within the electrostatic potential
well of �, is shown as the solid lines. The characteristic length for
the counterion fluctuation � is equal to the side length of the cubic
cell in which a polyion occupies exclusively at a low salt concen-
tration �the left-hand side� and the diameter of the diffused phase
2c�−1 at a high salt concentration �the right-hand side�, respectively,
where �−1 is the Debye screening length and c is the proportional
constant �see the text for the detail�.
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� = BCw
−2/3N2/3 I*

I
= 2B

c2

m2/3

�kBT

NA
1/3e2Cw

0 N0I−1 �20�

for I I*, where m is the molecular weight of the monomer,
and A and B are constants.

In Fig. 7, �� normalized by Cw
1/3N2/3 according to Eq. �17�

for ss-DNA with 30 and 59 bases at various Cw are shown in
a double logarithmic plot as a function of Cs. The solid line
is a regression line to all the experimental data within the
range of Cs=0.1−1 mM. Such good fit with a small gradient
means that �� /Cw

1/3N2/3 is almost constant below Cs
=1 mM, and our model for the free-salt condition described
in Sec. III B explains well the high-frequency relaxation with
not only Cs�0 but also low Cs as implied by Eq. �17�. The
four dotted lines, corresponding to the four Cw, with negative
unity gradients that pass through the data points for 30-base
ss-DNA at Cs=30 mM were drawn according to Eq. �19�
where �� is shown to be inversely proportional to I for I
 I*, and the data are consistent with the expectation though
the limited number of data points in the high-salt region
prevents complete confirmation. Unfortunately, we were un-
able to acquire the reliable data neither for more than Cs
=30 mM nor for less than Cw=0.25 g/ l because �� becomes
so small that increasing noises from the electrode-
polarization effects prevent accurate quantification. To over-
come this problem, serious consideration of the correction
for the effects �33� are required to extend the measurable
region of Cs.

In order to further investigate the agreement of the pro-
posed model with the experimental results, we calculated the

critical salt concentrations Cs
* for 30- and 59-base ss-DNA

using Eq. �16� and compared them to the experimental data
which were obtained as the crossover points of the solid and
dashed lines in Fig. 7. Results are summarized in Table I.

A series of Cs
* calculated by Eq. �16� agree relatively well

with those calculated from the experimental results, support-
ing the claim that the critical behavior as observed in Fig. 7
is due to the transition of the characteristic length for coun-
terion fluctuation as depicted in Fig. 6.

The normalized relaxation time � /Cw
−2/3N2/3 according to

Eq. �18� for ss-DNA with 30 and 59 bases at various Cw are
shown in a double logarithmic plot as a function of Cs in Fig.
8. As expected from Eqs. �18� and �20�, it remains almost
constant until Cs reaches Cs

* and decreases in an inversely
proportional way to Cs when CsCs

*. The dependence of � is
qualitatively well explained by our model, but the agreement
between experiment and theory is not as good as that for ��
in Fig. 7, because the normalized � gradually increases when
Cs�Cs

* in contrast to the prediction from Eq. �18�. This is
probably due to the following reason. While �� can be de-
rived from the thermal fluctuation of counterions without the
external electric field through the fluctuation-dissipation
theorem as mentioned in Sec. I, the diffusional relaxation
mechanism for loosely bound counterions needs to be con-
sidered for more accurately analyzing �. Our model agrees
well with experiment for aqueous solutions without salt

FIG. 7. The normalized dielectric increment �� /Cw
1/3N2/3

for ss-DNA with N�30 �open symbols� and 59 �filled symbols�
bases in solution with the weight concentrations Cw of 0.25 ���,
0.50 ���, 1.0 ���, and 2.0 ��� g/ l as a function of salt concentra-
tion Cs in a double logarithmic plot. The solid line is the regression
line to the experimental data for Cs from 0.10 to 1.0 mM, and each
dotted line has a negative unity gradient and passes through the data
point for 30-base ss-DNA at Cs=30 mM. The increment remains
almost constant but slightly increases with increasing Cs below
1 mM and decreases along the dotted lines. The salt concentrations
at the crossover points of the solid and dotted lines agree well with
the critical salt concentrations as calculated by 2c�−1=np

−1/3 �see the
text�.

TABLE I. Critical salt concentrations Cs
* calculated by Eq. �16�

and those calculated from the experimental results for the 30- and
59-base ss-DNA solutions with added salt.

Cw �g/ l� 0.25 0.50 1.0 2.0

Theoretical Cs
* �mM� 30 bases 9.8 16 25 39

59 bases 6.3 9.9 16 25

Experimental Cs
* �mM� 30 bases 7.6 13.1 18.6 27.4

59 bases 6.8 12.2 18.6 26.2

FIG. 8. The normalized relaxation time � /Cw
−2/3N2/3 for ss-DNA

with N=30 �open symbols� and 59 �filled symbols� bases in solution
with the weight concentrations Cw of 0.25 ���, 0.50 ���, 1.0 ���,
and 2.0 ��� g/ l as a function of salt concentration Cs in a double
logarithmic plot.
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where 2c�−1 is much larger than the cell size and the diffu-
sion constant D inside the cell remains nearly constant. On
the other hand, the dependence of D on position in the dif-
fused phase must be considered when the theory is extended
to the case where 2c�−1 changes gradually as a function of
Cs. That is, D for loosely bound counterions decreases as
2c�−1 decreases, because the electrostatic attractive forces
from the phosphate groups increase to hinder the movement
of the counterions as they approach the polyion.

In fact, early polarization theories of colloidal solutions
�34,35� use the surface conductivity as the overall contribu-
tion from counterions having different mobilities as a func-
tion of distance from the polyion; the mobility in the inner
layers is several times smaller than that in the outer layers
because of the electrostatic attractive forces. Referring to this
consideration that D for loosely bound counterions decreases
and approaches that for condensed counterions as Cs in-
crease, the normalized � is expected to increase as a function
of Cs, and the results shown in Fig. 8 are fairly consistent
with this argument.

Finally, we briefly mention the application of the model to
our previous experimental results concerning the dielectric
relaxations of short ds-DNA solutions at Cs=30 mM �5�.
Since the persistence length of short ds-DNA with 120 base
pairs is greater than 50 nm �36�, the polymer length L is
likely to be almost identical to its contour length, approxi-
mately 40 nm for 120 base-pair ds-DNA, while 2c�−1 is
14 nm as mentioned above. In this case, it is obvious that the
anisotropy of the ion atmosphere should be taken into ac-
count. Nevertheless, our model can be further extended in
such a way that the longitudinal and transversal fluctuation
lengths, �	 and ��, along the major and minor axes of ds-
DNA, respectively, are defined and set to be 2c�−1+L and
2c�−1, respectively. Numerical simulation shows that the two
relaxations are too close to be separately observed at Cs
=30 mM and the superposition of them can explain the
anomalous scaling rules of �� and � as a function of N as
observed in Ref. �5�. Since the analysis for ss-DNA with

relatively long polymer lengths of N=90 and 120 with added
salt has not been performed in this article for the reason
described in Sec. III A, it will be presented elsewhere to-
gether with the numerical simulations for ds-DNA, on the
basis of the anisotropic model briefly suggested here.

IV. CONCLUSIONS

In this work, first we showed that the high-frequency re-
laxations of short ss-DNA solutions without added salt ex-
hibited the concentration and polymer-length dependences
eventually identical to those for dilute solutions of polyions
such as NaPSS reported in the previous studies, and the same
dependences were also established for solutions with salt
concentrations lower than a certain critical value.

Secondly, it was shown that the polarization of loosely
bound counterions is dominant for the high-frequency relax-
ation, and its dielectric dispersion is well explained by the
cell model where the counterions fluctuate in the periodic
electrostatic potential defined by the correlation length as a
function of solute concentration in the dilute region.

Thirdly, on the other hand, for solutions with added salt,
the dielectric increment and the relaxation time were almost
independent of salt concentration up to the critical value and
started to decrease with further increasing salt concentra-
tions. More specifically, they are inversely proportional to
the ionic strength above the critical salt concentration. Fi-
nally, this critical behavior is explained by our extended cell
model that takes into account the spatial extent of the dif-
fused phase as a function of salt concentration and utilizes it
instead of the correlation length for the characteristic length
of the counterion fluctuation.
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